Adaptive hp-FEM with dynamical meshes for transient heat and moisture transfer problems  by Solin, Pavel et al.
Journal of Computational and Applied Mathematics 233 (2010) 3103–3112
Contents lists available at ScienceDirect
Journal of Computational and Applied
Mathematics
journal homepage: www.elsevier.com/locate/cam
Adaptive hp-FEM with dynamical meshes for transient heat and
moisture transfer problems
Pavel Solin a,b,∗, Lenka Dubcova b, Jaroslav Kruis c
a Department of Mathematics and Statistics, University of Nevada, Reno, USA
b Institute of Thermomechanics, Dolejskova 5, Prague, Czech Republic
c Faculty of Civil Engineering, Czech Technical University, Prague, Czech Republic
a r t i c l e i n f o
Article history:
Received 21 May 2009
Received in revised form 8 July 2009
MSC:
65M50
65M60
80M10
Keywords:
Multiphysics problems
Heat and moisture transfer
Higher-order methods
hp-FEM
Space–time adaptivity
Dynamical meshes
Open source software
a b s t r a c t
We are concerned with the time-dependent multiphysics problem of heat and moisture
transfer in the context of civil engineering applications. The problem is challenging due
to its multiscale nature (temperature usually propagates orders of magnitude faster than
moisture), different characters of the two fields (moisture exhibits boundary layers which
are not present in the temperature field), extremely long integration times (30 years
or more), and lack of viable error control mechanisms. In order to solve the problem
efficiently, we employ a novel multimesh adaptive higher-order finite element method
(hp-FEM) based on dynamical meshes and adaptive time step control. We investigate the
possibility to approximate the temperature and humidity fields on individual dynamical
meshes equippedwithmutually independent adaptivitymechanisms. Numerical examples
related to a realistic nuclear reactor vessel simulation are presented.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Many nuclear power plants across Europe and the US approach the end of their service life. However, the cost of
decommissioning a power plant is extremely high and therefore the prolongation of serviceability is desirable. For this, the
power plant has to undergo a large amount of tests and fulfil severe criteria. Some of these involve a detailed computational
analysis of the reactor vessel which has to cover the entire life span of the vessel (more than 30 years). It includes complex
mechanical and transport processes to be modeled using coupled hydro-thermo-mechanical analysis based on the finite
element method. In this paper, we restrict ourselves to the hydro-thermal part of the model.
The transient coupled analysis of concrete structures during longperiods of time is extremely difficult for several reasons:
• In order to capture the transient phenomena with sufficient accuracy, one needs to employ a very fine mesh, which
results in large matrix problems.
• The time increment must be much smaller than in creep or heat transfer analyses since it is limited by several physical
processes simultaneously. The large number of unknowns combined with the short time step lead to extremely large
CPU times and memory requirements. In the case of 30 years analysis with one day time increment, nearly 11,000 time
steps have to be done [1].
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Fig. 1. Geometry of the reactor vessel (all measures are in meters).
• The system matrix often is nonsymmetric and indefinite due to material models of coupled heat and moisture transfer
[2,3,15]. Nonsymmetric and/or indefinite matrices exclude efficient storage and solution methods that are available for
symmetric matrices.
• The lack of error estimates formultiphysics problemsmakes it extremely difficult to assess the accuracy of the computed
results. In practice, most computations of heat and moisture transfer in concrete are missing information about their
accuracy.
While the efficiency and storage issues mentioned above can be alleviated to some extent by the application of domain
decomposition methods [4] and parallel computers, the approximation error cannot be controlled without error estimation
and automatic adaptivity.
1.1. Adaptive hp-FEM on dynamical meshes
As an alternative, we present a novel space and time adaptive higher-order finite element method (hp-FEM) [5–7] which
employs fully automatically small low-degree elements onmoving fronts and large high-degree elementswhere the solution
is smooth without significant local changes. Because of large qualitative differences in the behavior of the temperature
and moisture fields, we can approximate them on individual meshes that evolve in time independently of each other.
The local hp-mesh refinements ‘‘travel’’ along with the moving fronts. We explain the basic ideas of the methodology and
present numerical examples where the space–time adaptive hp-FEM is compared to space–time adaptive low-order FEM.
The model is implemented using Hermes,1 an open source GPL-licensed C++/Python library for rapid prototyping of space
and space–time adaptive hp-FEM solvers.
2. The multiphysics model
The vessel is made of prestressed concrete, it is approximately 36 m high and the thickness of the walls varies between
5 and 7.5 m. The concrete is assumed to be homogeneous and isotropic. For this simulation, the vessel is assumed to be
perfectly axisymmetric, although in reality there are small-scale features such as vents that make it nonsymmetric. The
situation is illustrated in Fig. 1.
1 http://hpfem.org/.
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The unknown variables are the temperature T [K], and relative humidityw [-]. The corresponding gradients are denoted
by g [T ] [K/m] and g [w] [1/m], respectively, and the corresponding fluxes by q[T ] [J/m2/s] and q[w] [kg/m2/s]. The heat flux
obeys the Fourier law,
q[T ]Fourier = −D[TT ]g [T ]. (1)
The moisture flux is described by the Fick law,
q[w]Fick = −D[ww]g [w]. (2)
Coupling between the fluxes is done using the Soret flux,
q[w]Soret = −D[wT ]g [T ], (3)
and the Dufour flux,
q[T ]Dufour = −D[Tw]g [w] . (4)
The total heat and moisture fluxes have the form
q[T ] = −D[TT ]g [T ] − D[Tw]g [w], (5)
q[w] = −D[wT ]g [T ] − D[ww]g [w]. (6)
In the case of a homogeneous and isotropic material, the matrices of material conductivities D[TT ],D[Tw],D[wT ] and D[ww]
can be replaced with scalars, and Eqs. (5), (6) reduce to
q[T ] = −d[TT ]g [T ] − d[Tw]g [w], (7)
q[w] = −d[wT ]g [T ] − d[ww]g [w]. (8)
The scalar conductivities have the following units: d[TT ] [J/K/m/s], d[Tw] [J/m/s], d[wT ] [kg/K/m/s], d[ww] [kg/m/s].
The balance equations of heat and moisture without source terms have the form
∂ρu
∂t
+ div q[T ] = 0, ∂ρc
∂t
+ div q[w] = 0, (9)
where ρ is the total density, u is the specific internal energy and c is themass concentration ofmoisture [2]. The last quantity
is the ratio of the weight of water and the weight of the whole system. After substitution of the fluxes (7), (8) into (9) and
rearrangement of the time derivatives, the balance equations for isotropic and homogeneous materials have the form
c[TT ]
∂T
∂t
+ c[Tw] ∂w
∂t
− d[TT ]1T − d[Tw]1w = 0, (10)
c[wT ]
∂T
∂t
+ c[ww] ∂w
∂t
− d[wT ]1T − d[ww]1w = 0. (11)
Coefficients c[TT ], c[Tw], c[wT ], c[ww] express capacity properties. For example, c[TT ] is the specific heat capacity. In the
following, we assume that the parameters c[Tw] and c[wT ] are zero, which is the usual case. Even if they were nonzero,
∂w/∂t could be eliminated from (10) and ∂T/∂t from (11) using a suitable linear combination of (10), (11). Thus the final
form of the equations to be solved is
c[TT ]
∂T
∂t
− d[TT ]1T − d[Tw]1w = 0, (12)
c[ww]
∂w
∂t
− d[wT ]1T − d[ww]1w = 0. (13)
Time-dependent boundary conditions:
The boundary ∂Ω is split into three disjoint parts: ΓS (axis of symmetry), ΓR (reactor wall), and ΓE (exterior wall). On ΓS ,
one prescribes zero Neumann conditions for both T andw:
∂T
∂n
= 0, ∂w
∂n
= 0, (14)
where n is the unit normal vector to ∂Ω .
On the reactor wall ΓR, one prescribes a Dirichlet condition for the temperature T = T˜ and a zero normal moisture flux
q[w] · n = (−d[wT ]g [T ] − d[ww]g [w]) · n = −d[wT ] ∂T
∂n
− d[ww] ∂w
∂n
= 0.
3106 P. Solin et al. / Journal of Computational and Applied Mathematics 233 (2010) 3103–3112
Here, T˜ is a prescribed temperature. It is time dependent and it corresponds to a linear temperature increase from T0 =
293.15 K to Tmax = 550 K in 24 h.
On the exterior wall ΓE , we prescribe the Newton boundary conditions
q[T ] · n = κ [TT ](T − Text)+ κ [Tw](w − wext), (15)
q[w] · n = κ [wT ](T − Text)+ κ [ww](w − wext), (16)
where κ [TT ], κ [Tw], κ [wT ] and κ [ww] are transmission coefficients, Text is the temperature of the environment surrounding
the structure and wext is the relative humidity of the environment surrounding the structure. We will assume that κ [Tw] =
κ [wT ] = 0, which is the common case. Then conditions (15), (16) simplify to:
q[T ] · n = −d[TT ] ∂T
∂n
− d[Tw] ∂w
∂n
= κ [TT ](T − Text), (17)
q[w] · n = −d[wT ] ∂T
∂n
− d[ww] ∂w
∂n
= κ [ww](w − wext). (18)
Condition (18) is usually written in the form
q[w] · n = β(p− pext), (19)
where p is the water vapor pressure, pext the water vapor pressure of the surrounding environment and β the convection
mass transfer coefficient. The relation between vapor pressure and the relative humidityw has the form
w = p
ps(T )
, (20)
where ps(T ) is the water vapor saturation pressure. Substitution of (20) into (19) leads to the condition
q[w] · n = β(ps(T )w − ps,ext(Text)wext) = βps(w − wext). (21)
In the application discussed in this paper, the temperature of the structure T and the temperature of the surrounding
environment Text liewithin a rangewhere the dependence of ps on the temperature can be neglected (otherwise, the problem
would be nonlinear).
Initial condition:
Initially we assume a uniform temperature T0 = 293.15 K and uniform relative humidityw(0) = 50%.
3. Rothe’s method and adaptive hp-FEM on dynamical meshes
Rothe’s method is a natural counterpart of the widely used Method of Lines (MOL). Recall that the MOL performs
discretization in spacewhile keeping the time variable continuous, which leads to a system of ODEs in time. Rothe’smethod,
on the contrary, preserves the continuity of the spatial variable while discretizing time. In every time step, an evolutionary
PDE is approximated bymeans of one ormore time-independent ones. The number of time-independent equations per time
step is proportional to the order of accuracy of the time discretization method. For example, when employing the implicit
Euler method, one has to solve one time-independent PDE per time step. Rothe’s method is fully equivalent to the MOL if no
adaptivity in space or time takes place, but it provides a better setting for the application of spatially adaptive algorithms.
The spatial discretization error can be controlled by solving the time-independent equations adaptively, and the size of the
time step can be adjusted using standard ODE techniques [8–10].
For the sake of clarity, let us illustrate our application of Rothe’smethodusing implicit Euler discretizationwith a constant
time step1t > 0 (later we will switch to a higher-order method with adaptive time step). Approximating
∂T
∂t
≈ T
n+1 − T n
1t
,
∂w
∂t
≈ w
n+1 − wn
1t
,
Eqs. (12), (13) become
c[TT ]
T n+1
1t
− d[TT ]1T n+1 − d[Tw]1wn+1 = c[TT ] T
n
1t
, (22)
c[ww]
wn+1
1t
− d[wT ]1T n+1 − d[ww]1wn+1 = c[ww]w
n
1t
. (23)
Here the initial condition u0(x) and the right-hand side f n+1(x) are exact, un is known, and un+1 needs to be computed.Weak
formulation of Eq. (22) is derived in a standard way.
Let us denote by τ0 a uniform coarse mesh covering the computational domainΩ . This mesh is used as the initial mesh
for automatic adaptivity in every time step. The first approximation u1(x) ≈ u(x,1t1) is computed adaptively in k1 steps,
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starting from themesh τ0 andusing intermediate approximations u1,1, u1,2, . . ., u1,k1 = u1 onmeshes τ1,1, τ1,2, . . ., τ1,k1 = τ1.
The number k1 depends on a user-defined tolerance TOLs for the spatial error.
At the beginning of the (n + 1)st time step, the approximation un is defined on a locally refined mesh τn that was
constructed adaptively in the nth step. (The only exception is u0 which is defined on the coarse mesh τ0.) The unknown
un+1 is computed adaptively in kn+1 steps starting from the mesh τ0 and using intermediate approximations un+1,1, un+1,2,
. . ., un+1,kn+1 = un+1 onmeshes τn+1,1, τn+1,2, . . ., τn+1,kn+1 = τn+1. Note that in themth adaptivity step, the functions un and
un+1,m are defined on differentmeshes τn and τn+1,m whichwere obtained from the coarsemesh τ0 through finite sequences
of mutually independent local refinements. In order to perform assembling in this situation, we developed a technique that
we callmultimesh hp-FEM [5,11].
To the best of our knowledge, analytical error estimates for the multiphysics problem we study are not available. See,
for example, [12,13] and the references therein for the state-of-the-art a posteriori error estimation for elliptic problems.
Therefore, we guide the automatic hp-adaptivity using a robust computational a posteriori error estimate based on the
approximation on a globally hp-refinedmesh [7]. It is worthmentioning that our implementation of adaptive hp-FEM allows
for arbitrary-order hanging nodes in themesh,whichmakes ourmethodmuchmore efficient compared tomethodsworking
with regular meshes [6].
4. Adaptive time integration
Adaptive time integration is carried out using a pair of second-order BDF formulas BDF2a and BDF2b [14]. This method
is second-order accurate and very efficient since both BDF2a and BFD2b employ the same stages. In every time step, the
difference between the pair of results provides an estimate of the local truncation error that is used to adapt the time step.
The scheme of the adaptive algorithm is as follows:
On each time level do {
1. calculate a solution using BDF2a
2. calculate a solution using BDF2b
3. calculate error estimate ek using the difference of the two solutions
4. if ek > TOLt repeat process with new time step τk = 0.99 TOLt τk/ek
5. if ek < TOLt proceed to the time level k+ 1 with new time step
τk+1 =
(
ek−1
ek
)kP (TOLt
ek
)kI ( e2k−1
ekek−2
)kD
τk.
}
The PID controller (last formula in the algorithm above) is used to adjust the time step smoothly. This is the standardmethod
used in automatic control, robotics and related fields,
5. Numerical examples
In this section we use the problem described in Section 2 to compare the performance of three adaptive methods: (a) h-
adaptive FEMwith quadratic elements, (b) adaptive hp-FEMwhere both fields are approximated on the samemesh (standard
hp-FEM), and (c) adaptive hp-FEM where the temperature and humidity are approximated on individual meshes. It should
be noted that we dropped h-adaptive FEM with linear elements from this comparison due to its excessive CPU times, and
also that we dropped non-adaptive computations on fixed meshes.
To the last point, such comparison would be very interesting since non-adaptive computations with fixed uniform fine
meshes still prevail in practical engineering computations of transient processes. However, in practice these are virtually
never accompanied with an a posteriori error estimate, and we believe that it is impossible to compare methods that use a
posteriori error control withmethods that do not. Even if a non-adaptive computationwas accompaniedwith an a posteriori
error information, in our opinion it still cannot be compared to an adaptive method since the former does not invest any
effort into controlling the error while the latter does, and work and CPU time used by a method to control the error should
not be counted to its disadvantage.
We use the following material parameters (see [2]): d[TT ] = 2.1 [J/K/m/s], d[Tw] = 2.37 × 10−2 [J/m/s], d[wT ] =
1.78 × 10−10 [kg/K/m/s], d[ww] = 3.02 × 10−8 [kg/m/s], c[TT ] = 2.18 × 106 [J/K/m3], c[Tw] = 0, c[wT ] = 0,
c[ww] = 2.49 × 101 [kg/m3]. The transition coefficients have the values κ [TT ] = 25 [J/K/m2/s], κ [Tw] = 0, κ [wT ] = 0,
κ [ww] = 1.84× 10−7 [kg/m2/s]. Boundary and initial conditions were defined in Section 2.
Let us begin with showing the temperature and moisture distribution in the vessel after 30 years in Fig. 2.
In order to compare the threemethods fairly, we established a control quantity of interest to be the totalmoisture content
in the vessel after 30 years of operation of the power plant, and we used an overkill method of solution (with extremely fine
resolution both in space and time) to calculate as accurate reference value as possible.
Each of the three adaptive algorithms in consideration contains a pair of tolerance parameters TOLs and TOLt (see
Sections 3 and 4) that serve as stopping criteria for the spatial adaptivity in every time step and for the adaptive control of the
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Fig. 2. Temperature and moisture distribution in the vessel after 30 years.
time step, respectively. Typically, these parameters are set to some default values at the beginning of computation and they
imply some accuracy for the final results. However, we faced an inverse problem: In order to compare the three methods
on the same level of accuracy (in terms of the quantity of interest at the time level of 30 years), we had to go through many
trial and error computations using various values of these parameters. Some details about the final computations leading to
the same accuracy in the quantity of interest are presented in the following.
Adaptive h-FEM with quadratic elements
Fig. 3 shows a series of finite element meshes generated by the h-adaptive FEMwith quadratic elements. The reader can
see that both mesh refinement and coarsening took place over the 30 year period.
Standard adaptive hp-FEM (same meshes for temperature and moisture)
Fig. 4 shows an analogous series of meshes generated by the standard (single-mesh) hp-adaptive FEM.
Adaptive multimesh hp-FEM (with individual meshes for temperature and moisture)
In the multimesh hp-FEM we allow the meshes for the temperature and moisture fields to be different and to evolve
in time independently of each other. If the two fields exhibit significantly different behaviors, then this approach can save
many degrees of freedom. It is worth mentioning that despite the meshes are different, the discretization is monolithic
(no operator splitting takes place)—see, e.g., [11]. Figs. 5 and 6 show the corresponding series of temperature and moisture
meshes, respectively.
Comparison in terms of DOF and CPU time requirements
Lastly let us compare the performance of the three adaptive methods in terms of degrees of freedom (DOF) and CPU time
requirements. Let us remind the reader that the three comparisons are fair in the sense that all three methods achieved the
same accuracy in a given quantity of interest (total contents of moisture in the vessel after 30 years).
The reader can see in Fig. 7 that the h-FEMwith quadratic elements consumes many more DOF than both versions of the
adaptive hp-FEM. This is a standard observation that will not surprise anyone. It is more interesting to see that the difference
between the standard and multimesh hp-FEM is more significant during the first approximate 15 years than in the second
half of the time interval. This is due to the fact that in the early stage of the computation, the moisture develops a thin
boundary layer which is not present in the temperature fields (see Figs. 5 and 6). Therefore the meshes for temperature and
moisture are very different during the initial stage of the computation. Later, as the moisture layers become smeared, these
differences vanish, and after 30 years both meshes become very similar (compare the right-most parts of Figs. 5 and 6).
The differences in the discrete problem sizes from Fig. 7 yield different CPU time requirements of the three methods, as
shown in Fig. 8.
Here, the readermay notice that the difference between the standard andmultimesh hp-FEM is less significant than their
difference in terms of DOF. This is due to numerical integration that is more involved in the multimesh case [11] (we hope
to be able to optimize it in the future). The evolution of the time step for all three computations is shown in Fig. 9.
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Fig. 3. Adaptive h-FEM with quadratic elements (mesh after 1 month, 1 year, and 30 years).
Fig. 4. Standard adaptive (single-mesh) hp-FEM (mesh after 1 month, 1 year, and 30 years).
6. Conclusion and outlook
We presented a novel space–time adaptive hp-FEM algorithm based on dynamical meshes and equipped with adaptive
control of the time step. The method is higher-order accurate and adaptive in both space and time, and it is capable
of approximating both physical fields, the temperature and the moisture, on individual meshes that can evolve in time
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Fig. 5. Adaptive multimesh hp-FEM (temperature mesh after 1 month, 1 year, and 30 years).
Fig. 6. Adaptive multimesh hp-FEM (moisture mesh after 1 month, 1 year, and 30 years).
independently of each other. Despite this the discretization is monolithic and no operator splitting takes place. We clearly
demonstrated the superiority of the adaptive hp-FEM over adaptive h-FEMwith quadratic elements. Themultimesh hp-FEM
was more efficient than the standard (single-mesh) hp-FEM, but we expect to see much larger differences between these
two methods with more complicated multiphysics problems in the future.
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